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C-totally real warped product submanifolds
Mukut Mani Tripathi
Abstract. We obtain a basic inequality involving the Laplacian of the warping
function and the squared mean curvature of any warped product isometrically im-
mersed in a Riemannian manifold (cf. Theorem 2.2). Applying this general the-
ory, we obtain basic inequalities involving the Laplacian of the warping function
and the squared mean curvature of C-totally real warped product submanifolds
of (κ, µ)-space forms, Sasakian space forms and non-Sasakian (κ, µ)-manifolds.
Then we obtain obstructions to the existence of minimal isometric immersions of
C-totally real warped product submanifolds in (κ, µ)-space forms, non-Sasakian
(κ, µ)-manifolds and Sasakian space forms. In the last, we obtain an example of
a warped product C-totally real submanifold of a non-Sasakian (κ, µ)-manifold,
which satisfies the equality case of the basic inequality.
AMS Subject Classification: 53C40, 53C25.
Keywords: Warped product, contact metric manifold, Sasakian manifold, (κ, µ)-
manifold, minimal submanifold, C-totally real submanifold.
1 Introduction
The concept of warped product was first introduced by Bishop and O’Neill [1] to construct
the examples of Riemannian manifolds with negative curvature. Let M1 and M2 be two
Riemannian manifolds with Riemannian metrics g1 and g2 respectively. Let f > 0 be a
differentiable function on M1. Consider the product manifold M1 ×M2 with its canonical
projections π1 : M1×M2 →M1 and π2 : M1×M2 → M2. The warped productM =M1×fM2
is the product manifold M1 ×M2 equipped with the Riemannian structure such that
||X||2 = ||π1∗X||2 +
(
f 2 ◦ π1
)
(p) ||π2∗X)||2 (1.1)
for each tangent vector X ∈ TpM , p ∈M , or equivalently, the Riemannian metric g of M is
given by
g = g1 + f
2g2 (1.2)
with the usual meaning. The function f is called the warping function of the warped product.
Especially, if the warping function is constant, then the manifold M is said to be trivial.
For a warped product M1 ×f M2 we denote by D1 and D2 the distributions given by the
vectors tangent to leaves and fibres, respectively. Thus, D1 is obtained from tangent vectors
to M1 via the horizontal lift and D2 is obtained by the tangent vectors of M2 via the vertical
lift. It is well known that
∇XY = ∇YX = 1
f
(Xf)Y, X ∈ D1, Y ∈ D2. (1.3)
From (1.3) for unit vector fields X,Z tangent toM1,M2, respectively, the sectional curvature
K(X ∧ Z) of the plane section spanned by X and Z becomes
K(X ∧ Z) = g(∇Z∇XX −∇X∇ZX,Z) = 1
f
{
(∇XX)f −X2f
}
. (1.4)
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Consequently, we obtain
∆f
f
=
n1∑
j=1
K (ej ∧ es) , s ∈ {n1 + 1, . . . , n}. (1.5)
The notion of warped products plays some important roles in differential geometry as
well as in physics. For instance, the best relativistic model of the Schwarzschild space-time
that describes the outer space around a massive star or a black hole is given as a warped
product [22, pp. 364-367]. For more details we refer to [1] and [22]. For a survey on warped
product as Riemannian submanifolds we refer to [12].
In [10, Theorem 1.4], B.-Y. Chen established a sharp relationship between the warping
function f of a warped product M1×fM2 isometrically immersed in a real space form Rm(c)
and the squared mean curvature ‖H‖2 given by
∆f
f
≤ (n1 + n2)
2
4n2
‖H‖2 + n1c, (1.6)
where ni = dim (Mi), i = 1, 2 and △ is the Laplacian operator of M1. The equality case of
(1.6) holds identically if and only if x is a mixed totally geodesic immersion and n1H1 = n2H2,
where Hi, i = 1, 2, are the partial mean curvature vectors. As a refinement, in [15, Theorem
5], he proved that the equality case of (1.6) is true if and only if one of the following two
cases occurs: (1) The warping function f is an eigenfunction of the Laplacian operator △
with eigenvalue n1c and x is a minimal immersion; (2) △f 6= (n1c) f and locally x is a
non-minimal warped product immersion (x1, x2) : M1 ×f M2 → N1 ×ρ N2 of M1 ×f M2
into some warped product representation N1 ×ρ N2 of the real space form M˜(c) such that
x2 : M2 → N2 is a minimal immersion and the mean curvature vector of x1 : M1 → N1 is
given by − (n2/n1)D ln ρ.
The inequality (1.6) was noticed by several authors and they established same kind of
inequalities for different kind of submanifolds in ambient manifolds possessing different kind
of structures (for example, see [11], [13], [14], [16], [18], [19], [20], [25], [26], [27]). Now, it is a
natural motivation to find a basic inequality involving the warping function and the squared
mean curvature of any warped product isometrically immersed in any Riemannian manifold
without assuming any restriction on the Riemann curvature tensor of the ambient manifold.
Using technique of B.-Y. Chen and the concept of the scalar curvature of k-plane sections,
in section 2 we achieve this goal by obtaining a basic inequality involving the Laplacian
of the warping function f and the squared mean curvature of a warped product M1 ×f M2
isometrically immersed in a Riemannian manifold (see Theorem 2.2). Section 3 contains some
necessary background of contact geometry including the concepts of Sasakian manifolds,
(κ, µ)-manifolds, (κ, µ)-space forms and non-Sasakian (κ, µ)-manifolds. In section 4, we
apply the general theory given by Theorem 2.2 to obtain corresponding results for C-totally
real warped product submanifolds of (κ, µ)-space forms, Sasakian space forms and non-
Sasakian (κ, µ)-manifolds. Then we obtain obstructions to the existence of minimal isometric
immersions of C-totally real warped product submanifolds in these spaces. In the last, we
also obtain an example of a warped product C-totally real submanifold of a non-Sasakian
(κ, µ)-manifold which satisfies the equality case of the corresponding basic inequality.
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2 A basic inequality for warped product submanifolds
Let M be an n-dimensional Riemannian manifold equipped with a Riemannian metric g.
The inner product of the metric g is denoted by 〈 , 〉. Let {e1, . . . , en} be any orthonormal
basis for TpM . The scalar curvature τ (p) of M at p is defined by
τ (p) =
∑
1≤i<j≤n
K (ei ∧ ej) , (2.1)
where K (ei ∧ ej) is the sectional curvature of the plane section spanned by ei and ej at
p ∈ M . Let Πk be a k-plane section of TpM and {e1, . . . , ek} any orthonormal basis of Πk.
The scalar curvature τ (Πk) of Πk is given by [9]
τ (Πk) =
∑
1≤i<j≤k
K (ei ∧ ej) . (2.2)
The scalar curvature τ(p) of M at p is identical with the scalar curvature of the tangent
space TpM of M at p, that is, τ (p) = τ (TpM). Geometrically, τ(Πk) is the scalar curvature
of the image expp(Πk) of Πk at p under the exponential map at p. If Π2 is a 2-plane section,
τ(Π2) is simply the sectional curvature K(Π2) of Π2.
Let (M, g) be a submanifold of a Riemannian manifold M˜ equipped with a Riemannian
metric g˜. Covariant derivatives and curvatures with respect to (M, g) will be written in the
usual manner, while those with respect to the ambient manifold (M˜, g˜) will be written with
“tildes” over them. We use the inner product notation 〈 , 〉 for the metric g˜ of M˜ as well as
for the induced metrics on the submanifold M and its normal bundle.
The Gauss and Weingarten formulas are given respectively by
∇˜XY = ∇XY + σ (X, Y ) and ∇˜XN = −ANX +∇⊥XN
for all X, Y ∈ TM and N ∈ T⊥M , where ∇˜, ∇ and ∇⊥ are respectively the Riemannian,
induced Riemannian and induced normal connections in M˜ , M and the normal bundle T⊥M
of M respectively, and σ is the second fundamental form related to the shape operator A by
〈σ (X, Y ) , N〉 = 〈ANX, Y 〉. The equation of Gauss is given by
R(X, Y, Z,W ) = R˜(X, Y, Z,W ) + 〈σ(X,W ), σ(Y, Z)〉
− 〈σ(X,Z), σ(Y,W )〉 (2.3)
for all X, Y, Z,W ∈ TM , where R˜ and R are the curvature tensors of M˜ and M respectively.
For any orthonormal basis {e1, . . . , en} of the tangent space TpM , the mean curvature
vector H (p) is given by
H (p) =
1
n
n∑
i=1
σ (ei, ei) , (2.4)
where n = dim(M). The submanifold M is totally geodesic in M˜ if σ = 0, and minimal if
H = 0. If σ (X, Y ) = g (X, Y )H for all X, Y ∈ TM , then M is totally umbilical.
Now, let {e1, . . . , en} be an orthonormal basis of the tangent space TpM and er belongs
to an orthonormal basis {en+1, . . . , em} of the normal space T⊥p M . We put
σrij = 〈σ (ei, ej) , er〉 and ‖σ‖2 =
n∑
i,j=1
〈σ (ei, ej) , σ (ei, ej)〉 .
3
Let K (ei ∧ ej) and K˜ (ei ∧ ej) denote the sectional curvature of the plane section spanned
by ei and ej at p in the submanifold M and in the ambient manifold M˜ respectively. In view
of the equation (2.3) of Gauss, we have
K (ei ∧ ej) = K˜ (ei ∧ ej) +
m∑
r=n+1
(
σriiσ
r
jj − (σrij)2
)
. (2.5)
From (2.5) it follows that
2τ (p) = 2τ˜ (TpM) + n
2 ‖H‖2 − ‖σ‖2 , (2.6)
where
τ˜ (TpM) =
∑
1≤i<j≤n
K˜ (ei ∧ ej)
denote the scalar curvature of the n-plane section TpM in the ambient manifold M˜ .
Now, let x : M1 ×f M2 → M˜ be an isometric immersion of a warped product M1 ×f M2
into a Riemannian manifold M˜ . We write niHi = trace (σi|Mi), where trace(σi|Mi) is the
trace of the second fundamental form σ of x restricted to Mi and ni = dimMi (i = 1, 2).
The immersion x is called mixed totally geodesic if σ (X, Y ) = 0 for X ∈ D1 and Y ∈ D2.
We shall need the following Lemma.
Lemma 2.1 [8] Let ℓ ≥ 2 and a1, . . . , aℓ , b be real numbers such that
(
ℓ∑
i=1
ai
)2
= (ℓ− 1)
(
ℓ∑
i=1
a2i + b
)
Then 2a1a2 ≥ b, with equality holding if and only if
a1 + a2 = a3 = · · · = aℓ.
Now, we obtain a basic inequality involving the Laplacian of the warping function and
the squared mean curvature of a warped product submanifold of a Riemannian manifold.
Theorem 2.2 Let x be an isometric immersion of an n-dimensional warped product mani-
fold M1 ×f M2 into an m-dimensional Riemannian manifold M˜ . Then
n2
∆f
f
≤ n
2
4
‖H‖2 + τ˜ (TpM)− τ˜ (TpM1)− τ˜ (TpM2) , (2.7)
where ni = dimMi, i = 1, 2, and ∆ is the Laplacian operator of M1.
Moreover, the equality case of (2.7) holds identically if and only if x is a mixed totally
geodesic immersion and n1H1 = n2H2, where Hi, i = 1, 2, are the partial mean curvature
vectors.
Proof. Let M = M1 ×f M2 be a warped product submanifold of a Riemannian manifold
M˜ . We set
2δ = 4τ (p)− 4τ˜ (TpM)− n2‖H‖2, (2.8)
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so that the equation (2.6) can be written as
n2‖H‖2 = 2(δ + ‖σ‖2). (2.9)
Choose a local orthonormal frame {e1, . . . , en, en+1, . . . , em}, such that e1, . . . , en1 are tangent
to M1, en1+1, . . . , en are tangent to M2 and en+1 is parallel to the mean curvature vector H .
If we put
a1 = σ
n+1
11 , a2 =
n1∑
i=2
σn+1ii , a3 =
n∑
t=n1+1
σn+1tt ,
then with respect to the above orthonormal frame the equation (2.9) becomes
(
3∑
i=1
ai
)2
= 2
(
3∑
i=1
a2i + b
)
, (2.10)
where
b =
{
δ +
∑
1≤i 6=j≤n
(σn+1ij )
2 +
m∑
r=n+2
n∑
i,j=1
(σrij)
2
−
∑
2≤j 6=k≤n1
σn+1jj σ
n+1
kk −
∑
n1+1≤s 6=t≤n
σn+1ss σ
n+1
tt
}
. (2.11)
Applying Lemma 2.1 to (2.10), we get 2a1a2 ≥ b, with equality holding if and only if
a1 + a2 = a3. Equivalently, we get∑
1≤j<k≤n1
σn+1jj σ
n+1
kk +
∑
n1+1≤s<t≤n
σn+1ss σ
n+1
tt
≥ δ
2
+
∑
1≤α<β≤n
(σn+1αβ )
2 +
1
2
m∑
r=n+2
n∑
α,β=1
(σrαβ)
2 (2.12)
with equality holding if and only if
n1∑
i=1
σn+1ii =
n∑
s=n1+1
σn+1ss . (2.13)
From equation (1.5) we get
n2
∆f
f
=
n1∑
j=1
n∑
s=n1+1
K (ej ∧ es) = τ (p)− τ (TpM1)− τ (TpM2) ,
which in view of (2.3) gives
n2
∆f
f
= τ (p)− τ˜ (TpM1)−
m∑
r=n+1
∑
1≤j<k≤n1
(σrjjσ
r
kk − (σrjk)2)
− τ˜ (TpM2)
m∑
r=n+1
∑
n1+1≤s<t≤n
(σrssσ
r
tt − (σrst)2) . (2.14)
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In view of (2.12), (2.14) and (2.8) we get
n2
∆f
f
≤ n
2
4
‖H‖2 + τ˜ (TpM)− τ˜ (TpM1)− τ˜ (TpM2)
−
n1∑
j=1
n∑
t=n1+1
(σn+1jt )
2 − 1
2
m∑
r=n+2
n∑
α,β=1
(σrαβ)
2
+
m∑
r=n+2
∑
1≤j<k≤n1
((σrjk)
2 − σrjjσrkk) +
m∑
r=n+2
∑
n1+1≤s<t≤n
((σrst)
2 − σrssσrtt)
or
n2
∆f
f
≤ n
2
4
‖H‖2 + τ˜ (TpM)− τ˜ (TpM1)− τ˜ (TpM2)−
m∑
r=n+1
n1∑
j=1
n∑
t=n1+1
(σrjt)
2
−1
2
m∑
r=n+2
(
n1∑
j=1
σrjj
)2
− 1
2
m∑
r=n+2
(
n∑
t=n1+1
σrtt
)2
, (2.15)
which implies the inequality (2.7).
The equality sign of (2.15) is true if and only if
σrjt = 0, 1 ≤ j ≤ n1, n1 + 1 ≤ t ≤ n, n+ 1 ≤ r ≤ m, (2.16)
and
n1∑
i=1
σrii = 0 =
n∑
t=n1+1
σrtt, n+ 2 ≤ r ≤ m. (2.17)
Obviously (2.16) is true if and only if the warped productM1×fM2 is mixed totally geodesic.
From the equations (2.13) and (2.17) it follows that n1H1 = n2H2.
The converse statement is straightforward. 
3 (κ, µ)-manifolds
A (2m+ 1)-dimensional differentiable manifold M˜ is called an almost contact metric mani-
fold if there is an almost contact metric structure (ϕ, ξ, η, g) consisting of a (1, 1) tensor field
ϕ, a vector field ξ, a 1-form η and a compatible Riemannian metric g satisfying
ϕ2 = −I + η ⊗ ξ, η(ξ) = 1, ϕξ = 0, η ◦ ϕ = 0, (3.1)
〈X, Y 〉 = 〈ϕX,ϕY 〉+ η(X)η(Y ), (3.2)
〈X,ϕY 〉 = − 〈ϕX, Y 〉 , 〈X, ξ〉 = η(X) (3.3)
for all X, Y ∈ TM˜ , where 〈 , 〉 the inner product of the metric g. An almost contact metric
structure becomes a contact metric structure if
〈X,ϕY 〉 = dη(X, Y ), X, Y ∈ TM˜.
A contact metric structure is a Sasakian structure if and only if the Riemann curvature
tensor R˜ satisfies
R˜(X, Y )ξ = η(Y )X − η(X)Y, X, Y ∈ TM˜. (3.4)
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In a contact metric manifold M˜ , the (1, 1)-tensor field h defined by 2h = Lξϕ, which is the
Lie derivative of ϕ in the characteristic direction ξ, is symmetric and satisfies
hξ = 0, hϕ+ ϕh = 0, ∇˜ξ = −ϕ− ϕh, trace(h) = trace(ϕh) = 0, (3.5)
where ∇˜ is Levi-Civita connection. In [3], D. E. Blair, T. Koufogiorgos and B. J. Papantoniou
introduced the class of contact metric manifolds M˜ with contact metric structures (ϕ, ξ, η, g),
which satisfy
R˜(X, Y )ξ = (κI + µh) (η (Y )X − η (X)Y ) , X, Y ∈ TM˜, (3.6)
where κ, µ are real constants. A contact metric manifold belonging to this class is called
a (κ, µ)-manifold. In a (κ, µ)-manifold we have h2 = (κ− 1)ϕ2 and κ ≤ 1. For a (κ, µ)-
manifold, the conditions of being a Sasakian manifold, κ = 1 and h = 0 are all equivalent. If
κ < 1, and the eigenvalues of h are 0, λ and −λ, where λ = √1− κ. The eigenspace relative
to the eigenvalue 0 is {ξ}. Moreover, for κ 6= 1, the subbundle D = ker(η) can be decomposed
in the eigenspace distributions D+ and D− relative to the eigenvalues λ and −λ, respectively.
These distributions are orthogonal to each other and have dimension n. There are many
motivations for studying (κ, µ)-manifolds: the first is that, in the non-Sasakian case the
condition (3.6) determines the curvature completely; moreover, while the values of κ and µ
change, the form of (3.6) is invariant under D-homothetic deformations ([3]); finally, there is
a complete classification of these manifolds, given in [5] by E. Boeckx, who proved also that
any non-Sasakian (κ, µ)-manifold is locally homogeneous and strongly locally ϕ-symmetric
([4], [6]). There are also non-trivial examples of (κ, µ)-manifolds, the most important being
the unit tangent sphere bundle T1M˜ of a Riemannian manifold M˜ of constant sectional
curvature with the usual contact metric structure. In particular if M˜ has constant curvature
c, then κ = c(2− c) and µ = −2c. Characteristic examples of non-Sasakian (κ, µ)-manifolds
are the tangent sphere bundles of Riemannian manifolds of constant sectional curvature not
equal to one and certain Lie groups [5]. For more details we refer to [2], [3] and [17].
Like complex space forms in Hermitian geometry, in contact geometry we have the notion
of manifolds with constant ϕ-sectional curvature. In an almost contact metric manifold,
for a unit vector X orthogonal to ξ, the sectional curvature K˜(X ∧ ϕX) is called a ϕ-
sectional curvature. In [17], T. Koufogiorgos showed that in a (κ, µ)-manifold (M˜, ϕ, ξ, η, g)
of dimension > 3 if the ϕ-sectional curvature at a point p is independent of the ϕ-section at
p, then it is constant. If the (κ, µ)-manifold M˜ has constant ϕ-sectional curvature c then it
is called a (κ, µ)-space form and is denoted by M˜(c). The Riemann curvature tensor R˜ of
M˜(c) is given explicitly in its (0, 4)-form by [17]
R˜ (X, Y, Z,W ) =
c+ 3
4
{〈Y, Z〉 〈X,W 〉 − 〈X,Z〉 〈Y,W 〉}
+
c− 1
4
{2 〈X,ϕY 〉 〈ϕZ,W 〉+ 〈X,ϕZ〉 〈ϕY,W 〉 − 〈Y, ϕZ〉 〈ϕX,W 〉}
+
c+ 3− 4κ
4
{η (X) η (Z) 〈Y,W 〉 − η (Y ) η (Z) 〈X,W 〉
+ 〈X,Z〉 η (Y ) η (W )− 〈Y, Z〉 η (X) η (W )}
+
1
2
{〈hY, Z〉 〈hX,W 〉 − 〈hX,Z〉 〈hY,W 〉
+ 〈ϕhX,Z〉 〈ϕhY,W 〉 − 〈ϕhY, Z〉 〈ϕhX,W 〉}
+ 〈ϕY, ϕZ〉 〈hX,W 〉 − 〈ϕX,ϕZ〉 〈hY,W 〉
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+ 〈hX,Z〉 〈ϕ2Y,W〉− 〈hY, Z〉 〈ϕ2X,W〉
+ µ {η (Y ) η (Z) 〈hX,W 〉 − η (X) η (Z) 〈hY,W 〉
+ 〈hY, Z〉 η (X) η (W )− 〈hX,Z〉 η (Y ) η (W )} (3.7)
for all X, Y, Z,W ∈ TM˜ . In particular, if κ = 1 then a (κ, µ)-space form M˜(c) reduces to a
Sasakian space form M˜(c) and (3.7) reduces to
R˜ (X, Y, Z,W ) =
c+ 3
4
{〈Y, Z〉 〈X,W 〉 − 〈X,Z〉 〈Y,W 〉}
+
c− 1
4
{2 〈X,ϕY 〉 〈ϕZ,W 〉+ 〈X,ϕZ〉 〈ϕY,W 〉 − 〈Y, ϕZ〉 〈ϕX,W 〉
+ η (X) η (Z) 〈Y,W 〉 − η (Y ) η (Z) 〈X,W 〉
+ 〈X,Z〉 η (Y ) η (W )− 〈Y, Z〉 η (X) η (W )} . (3.8)
For a non-Sasakian (κ, µ)-manifold M˜ , its Riemann curvature tensor R˜ is given explicitly in
its (0, 4)-form by ([4],[5])
R˜ (X, Y, Z,W ) =
(
1− µ
2
)
{〈Y, Z〉 〈X,W 〉 − 〈X,Z〉 〈Y,W 〉}
− µ
2
{2 〈X,ϕY 〉 〈ϕZ,W 〉+ 〈X,ϕZ〉 〈ϕY,W 〉 − 〈Y, ϕZ〉 〈ϕX,W 〉}
+ 〈Y, Z〉 〈hX,W 〉 − 〈X,Z〉 〈hY,W 〉 − 〈Y,W 〉 〈hX,Z〉+ 〈X,W 〉 〈hY, Z〉
+
1− (µ/2)
1− κ {〈hY, Z〉 〈hX,W 〉 − 〈hX,Z〉 〈hY,W 〉}
+
κ− (µ/2)
1− κ {〈ϕhY, Z〉 〈ϕhX,W 〉 − 〈ϕhX,Z〉 〈ϕhY,W 〉}
+ η (X) η (W ) {(κ− 1 + (µ/2)) 〈Y, Z〉+ (µ− 1) 〈hY, Z〉}
− η (X) η (Z) {(κ− 1 + (µ/2)) 〈Y,W 〉+ (µ− 1) 〈hY,W 〉}
+ η (Y ) η (Z) {(κ− 1 + (µ/2)) 〈X,W 〉+ (µ− 1) 〈hX,W 〉}
− η (Y ) η (W ) {(κ− 1 + (µ/2)) 〈X,Z〉+ (µ− 1) 〈hX,Z〉} (3.9)
for all vector fields X, Y, Z,W on M˜ . A 3-dimensional non-Sasakian (κ, µ)-manifold has
a constant ϕ-sectional curvature, but for higher dimension this is not in general true. A
non-Sasakian (κ, µ)-manifold is of constant ϕ-sectional curvature c if and only if µ = κ+ 1;
in this case c = −2k − 1. In particular, the tangent sphere bundle of a manifold of constant
curvature c 6= 1 has ϕ-sectional curvature c2 = 9± 4√5 if and only if c = 2±√5. For more
details we refer to [2], [3] and [17].
4 C-totally real warped product submanifolds
A submanifold M in a contact manifold is called a C-totally real submanifold [23] if every
tangent vector of M belongs to the contact distribution. Thus, a submanifold M in a
contact metric manifold is a C-totally real submanifold if ξ is normal to M . A submanifold
M in an almost contact metric manifold is called anti-invariant [24] if ϕ (TM) ⊂ T⊥M .
If a submanifold M in a contact metric manifold is normal to the structure vector field ξ,
then it is anti-invariant. Thus C-totally real submanifolds in a contact metric manifold are
anti-invariant, as they are normal to ξ.
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Example 4.1 Given a point p of a non-Sasakian (κ, µ)-manifold, there are at least two
C-totally real submanifolds, passing through p. To see this, consider the foliations given by
the eigendistributions of h; then their leaves are totally geodesic C-totally real submanifolds
of the given non-Sasakian (κ, µ)-manifold.
For a C-totally real submanifold in a contact metric manifold we have
〈AξX, Y 〉 =
〈
−∇˜Xξ, Y
〉
= 〈ϕX + ϕhX, Y 〉 ,
which implies that
Aξ = (ϕh)
T , (4.1)
where (ϕh)T X is the tangential part of ϕhX for all X ∈ TM .
Now, we obtain a basic inequality involving the Laplacian of the warping function and
the squared mean curvature of a C-totally real warped product submanifold of a (κ, µ)-space
form.
Theorem 4.2 Let x be a C-totally real immersion of an n-dimensional warped product
manifold M1 ×f M2 into a (2m+ 1)-dimensional (κ, µ)-space form M˜ (c). Then
∆f
f
≤ n
2
4n2
‖H‖2 + 1
4
n1 (c+ 3) + trace(h
T |M1) +
n1
n2
trace(hT |M2)
+
1
4n2
{
(trace(hT ))2 − (trace(hT |M1))2 − (trace(hT |M2))2
− (trace(Aξ))2 + (trace(Aξ|M1))2 + (trace(Aξ|M2))2
−‖hT‖2 + ‖hT |M1‖2 + ‖hT |M2‖2 + ‖Aξ‖2 − ‖Aξ|M1‖2 − ‖Aξ|M2‖2
}
, (4.2)
where ni = dimMi, i = 1, 2, and ∆ is the Laplacian operator ofM1. The equality case of (4.2)
holds identically if and only if x is a mixed totally geodesic immersion and n1H1 = n2H2,
where Hi, i = 1, 2, are the partial mean curvature vectors.
Proof. Let M1 ×f M2 be a C-totally real warped product submanifold into a (κ, µ)-space
form M˜ (c) of constant ϕ-sectional curvature c. We choose a local orthonormal frame
{e1, . . . , en, en+1, . . . , e2m+1} such that e1, . . . , en1 are tangent toM1, en1+1, . . . , en are tangent
to M2. Then from (3.7) and (4.1) we have
K˜ (ei ∧ ej) = c+ 3
4
+ 〈hT ei, ei〉+ 〈hT ej , ej〉
+
1
2
{〈hTei, ei〉〈hT ej, ej〉 − 〈hT ei, ej〉2
−〈Aξei, ei〉〈Aξej , ej〉+ 〈Aξei, ej〉2
}
, (4.3)
where hTX is the tangential part of hX for X ∈ TM .
For a k-plane section Πk, from (4.3) it follows that
τ˜ (Πk) =
1
8
k (k − 1) (c + 3) + (k − 1) trace(hT |Πk)
+
1
4
{
(trace(hT |Πk))2 − ‖hT |Πk‖2 − (trace(Aξ|Πk))2 + ‖Aξ|Πk‖2
}
. (4.4)
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Consequently, we have
τ˜ (TpM) =
1
8
n (n− 1) (c+ 3) + (n− 1) trace (hT )
+
1
4
{
(trace(hT ))2 − ‖hT‖2 −(trace(Aξ))2 + ‖Aξ‖2
}
, (4.5)
τ˜ (TpMi) =
1
8
ni (ni − 1) (c + 3) + (ni − 1) trace(hT |Mi)
+
1
4
{
(trace(hT |Mi))2 − ‖hT |Mi‖2
− (trace(Aξ|Mi))2 + ‖Aξ|Mi‖2
}
, (4.6)
where i = 1, 2. Using (4.5) and (4.6) in (2.7) we get (4.2). 
Putting h = 0 in (4.2), we have the following
Corollary 4.3 (Theorem 3.1, [18]) Let x be a C-totally real immersion of an n-dimensional
warped product manifold M1 ×f M2 into a Sasakian space form. Then
∆f
f
≤ n
2
4n2
‖H‖2 + 1
4
n1 (c+ 3) , (4.7)
where ni = dimMi, i = 1, 2, and ∆ is the Laplacian operator ofM1. The equality case of (4.7)
holds identically if and only if x is a mixed totally geodesic immersion and n1H1 = n2H2,
where Hi, i = 1, 2, are the partial mean curvature vectors.
Next, we establish a sharp relationship between the warped function f of a C-totally real
warped product submanifold M1 ×f M2 isometrically immersed in a non-Sasakian (κ, µ)-
manifold M˜ and the squared mean curvature ‖H‖2 in the following
Theorem 4.4 Let x be a C-totally real immersion of an n-dimensional warped product
manifold M1 ×f M2 into a (2m+ 1)-dimensional non-Sasakian (κ, µ)-manifold M˜ . Then
∆f
f
≤ n
2
4n2
‖H‖2 + n1
(
1− µ
2
)
+ trace
(
hT |M1
)
+
n1
n2
trace
(
hT |M2
)
+
1
2n2
(
1− (µ/2)
1− κ
)
{(trace(hT ))2 − (trace(hT |M1))2 − (trace(hT |M2))2}
− 1
2n2
(
κ− (µ/2)
1− κ
)
{(trace(Aξ))2 − (trace(Aξ|M1))2 − (trace(Aξ|M2))2}
− 1
2n2
(
1− (µ/2)
1− κ
){‖hT‖2 − ‖hT |M1‖2 − ‖hT |M2‖2}
+
1
2n2
(
κ− (µ/2)
1− κ
)
{‖Aξ‖2 − ‖Aξ|M1‖2 − ‖Aξ|M2‖2}, (4.8)
where ni = dimMi, i = 1, 2, and ∆ is the Laplacian operator ofM1. The equality case of (4.8)
holds identically if and only if x is a mixed totally geodesic immersion and n1H1 = n2H2,
where Hi, i = 1, 2, are the partial mean curvature vectors.
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Proof. Let M1 ×f M2 be a C-totally real warped product submanifold of a non-Sasakian
(κ, µ)-manifold M˜ . We choose a local orthonormal frame {e1, . . . , en, en+1, . . . , e2m+1} such
that e1, . . . , en1 are tangent to M1, en1+1, . . . , en are tangent to M2. Then from (3.9) we have
K˜ (ei ∧ ej) =
(
1− µ
2
)
+
〈
hT ei, ei
〉
+
〈
hT ej , ej
〉
+
1− (µ/2)
1− κ
{〈
hT ei, ei
〉 〈
hT ej , ej
〉− 〈hT ei, ej〉2}
+
κ− (µ/2)
1− κ
{〈Aξei, ei〉〈Aξej , ej〉 − 〈Aξei, ej〉2} . (4.9)
For a k-plane section Πk, from (4.9) we obtain
τ˜ (Πk) =
1
2
k (k − 1)
(
1− µ
2
)
+ (k − 1) trace(hT |Πk)
+
1
2
(
1− (µ/2)
1− κ
){
(trace(hT |Πk))2 − ‖hT |Πk‖2
}
− 1
2
(
κ− (µ/2)
1− κ
){
(trace(Aξ|Πk))2 − ‖Aξ|Πk‖2
}
. (4.10)
Consequently, we have
τ˜ (TpM) =
1
2
n (n− 1)
(
1− µ
2
)
+ (n− 1) trace(hT )
+
1
2
(
1− (µ/2)
1− κ
){
(trace(hT ))2 − ‖hT‖2}
− 1
2
(
κ− (µ/2)
1− κ
){
(trace(Aξ))
2 − ‖Aξ‖2
}
, (4.11)
τ˜ (TpMi) =
1
2
ni (ni − 1)
(
1− µ
2
)
+ (ni − 1) trace(hT |Mi)
+
1
2
(
1− (µ/2)
1− κ
){
(trace(hT |Mi))2 − ‖hT |Mi‖2
}
− 1
2
(
κ− (µ/2)
1− κ
){
(trace(Aξ|Mi))2 − ‖Aξ|Mi‖2
}
, (4.12)
where i = 1, 2. Putting values from (4.11) and (4.12) in (2.7) we obtain (4.8). 
As applications, we derive certain obstructions to the existence of minimal C-totally
real warped product submanifolds in (κ, µ)-space forms, non-Sasakian (κ, µ)-manifolds and
Sasakian space forms.
Corollary 4.5 Let M1 ×f M2 be a warped product manifold, whose warping function f is
harmonic. Then:
(a) M1 ×f M2 can not admit minimal C-totally real immersion into a (κ, µ)-space form
M˜ (c) with
0 >
1
4
n1 (c+ 3) + trace
(
hT |M1
)
+
n1
n2
trace
(
hT |M2
)
+
1
4n2
{(
trace
(
hT
))2 − (trace (hT |M1))2 − (trace (hT |M2))2
− (trace(Aξ))2 + (trace(Aξ|M1))2 + (trace(Aξ|M2)2
− ∥∥hT∥∥2 + ∥∥hT |M1∥∥2 + ∥∥hT |M2∥∥2 + ‖Aξ‖2 − ‖Aξ|M1‖2 − ‖Aξ|M2‖2} .(4.13)
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(b) Every minimal C-totally real immersion of M1×fM2 in a (κ, µ)-space form M˜ (c) with
0 =
1
4
n1 (c+ 3) + trace
(
hT |M1
)
+
n1
n2
trace
(
hT |M2
)
+
1
4n2
{(
trace
(
hT
))2 − (trace (hT |M1))2 − (trace (hT |M2))2
− (trace(Aξ))2 + (trace(Aξ|M1))2 + (trace(Aξ|M2))2
− ∥∥hT∥∥2 + ∥∥hT |M1∥∥2 + ∥∥hT |M2∥∥2 + ‖Aξ‖2 − ‖Aξ|M1‖2 − ‖Aξ|M2‖2}(4.14)
is a warped product immersion.
Proof. We assume that the warping function f is a harmonic function onM1 andM1×fM2
admits a minimal C-totally real immersion in a (κ, µ)-space form M˜ (c). Then, the inequality
(4.2) becomes
0 ≤ 1
4
n1 (c + 3) + trace
(
hT |M1
)
+
n1
n2
trace
(
hT |M2
)
+
1
4n2
{(
trace
(
hT
))2 − (trace (hT |M1))2 − (trace (hT |M2))2
− (trace(Aξ))2 + (trace(Aξ|M1))2 + (trace(Aξ|M2))2
− ∥∥hT∥∥2 + ∥∥hT |M1∥∥2 + ∥∥hT |M2∥∥2 + ‖Aξ‖2 − ‖Aξ|M1‖2 − ‖Aξ|M2‖2} .
This proves (a).
Now, we prove (b). If (4.14) is true then the equality case of (4.2) is true and by
Theorem 4.2, it follows that M1 ×f M2 is mixed totally geodesic and H1 = H2 = 0. Then a
well-known result of No¨lker [21] implies that the immersion is a warped product immersion.

Similar to the above Corollary, we have
Corollary 4.6 Let M1 ×f M2 be a warped product manifold, whose warping function f is
harmonic. Then:
(a) M1×f M2 can not admit minimal C-totally real immersion into a non-Sasakian (κ, µ)-
manifold with
0 > n1
(
1− µ
2
)
+ trace
(
hT |M1
)
+
n1
n2
trace
(
hT |M2
)
+
1
2n2
(
1− (µ/2)
1− κ
)
{(trace(hT ))2 − (trace(hT |M1))2 − (trace(hT |M2))2}
− 1
2n2
(
κ− (µ/2)
1− κ
)
{(trace(Aξ))2 − (trace(Aξ|M1))2 − (trace(Aξ|M2))2}
− 1
2n2
(
1− (µ/2)
1− κ
){‖hT‖2 − ‖hT |M1‖2 − ‖hT |M2‖2}
+
1
2n2
(
κ− (µ/2)
1− κ
)
{‖Aξ‖2 − ‖Aξ|M1‖2 − ‖Aξ|M2‖2}. (4.15)
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(b) Every minimal C-totally real immersion ofM1×fM2 in a non-Sasakian (κ, µ)-manifold
with
0 = n1
(
1− µ
2
)
+ trace
(
hT |M1
)
+
n1
n2
trace
(
hT |M2
)
+
1
2n2
(
1− (µ/2)
1− κ
)
{(trace(hT ))2 − (trace(hT |M1))2 − (trace(hT |M2))2}
− 1
2n2
(
κ− (µ/2)
1− κ
)
{(trace(Aξ))2 − (trace(Aξ|M1))2 − (trace(Aξ|M2))2}
− 1
2n2
(
1− (µ/2)
1− κ
){‖hT‖2 − ‖hT |M1‖2 − ‖hT |M2‖2}
+
1
2n2
(
κ− (µ/2)
1− κ
)
{‖Aξ‖2 − ‖Aξ|M1‖2 − ‖Aξ|M2‖2} (4.16)
is a warped product immersion.
Using h = 0 in Corollary 4.5, we immediately get the following
Corollary 4.7 [18, Corollary 3.2] Let M1×f M2 be a warped product manifold, whose warp-
ing function f is harmonic. Then:
(a) M1×f M2 can not admit minimal C-totally real immersion into a Sasakian space form
M˜(c) with c < −3.
(b) Every minimal C-totally real immersion of M1 ×f M2 in the standard Sasakian space
form R2m+1(−3) is a warped product immersion.
We also have the following
Corollary 4.8 [18, Corollary 3.3] If the warping function f of a warped product M1×fM2 is
an eigenfunction of the Laplacian onM1 with corresponding eigenvalue λ > 0, then M1×fM2
does not admit a minimal C-totally real immersion in a Sasakian space form M˜(c) with
c ≤ −3.
In the following we obtain an example of a warped product C-totally real submanifold
of a non-Sasakian (κ, µ)-manifold which satisfies the equality case of (4.8).
Example 4.9 Let (M˜, g˜) be a 4-dimensional Riemannian manifold of constant sectional
curvature c 6= 1. Then its tangent sphere bundle T1M˜ with the standard contact metric
structure is a non-Sasakian (κ, µ)-manifold with κ = c (2− c) , µ = 2c [3]. Let M be a
totally geodesic hypersurface of M˜ . Then M equipped with the induced Riemannian metric
g has constant sectional curvature c and also its tangent sphere bundle T1M is a (κ, µ)-
manifold with κ = c(2 − c), µ = 2c. From Example 3.3 of [7] it follows that T1M is an
invariant submanifold of T1M˜ . Let S be a minimal C-totally real surface of T1M (which is
always possible in view of Example 4.1). Define the warped product manifold(
−π
2
,
π
2
)
×cos t S.
Then the immersion x :
(−π
2
, π
2
)×cos t S → T1M˜ defined by
x (t, p) = (sin t)N + (cos t) p ,
where N is a unit vector orthogonal to the linear subspace containing T1M , is a C-totally
real isometric immersion and satisfies the equality case of (4.8).
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